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Abstract. The present topical review describes the concept of effective interactions between
spherical colloids in bulk solution. An introductive analysis based on the statistical mechanics
of liquids and mixtures derives the main classes of colloidal forces observed at various solvent—
solute compositions. A general survey of basic and advanced theories on ion-averaged interactions
between charged colloids ends with a critical examination of recent statements on the existence of
colloidal attraction and liquid—gas phase separation of pure electrostatic origin.

1. Introduction

As opposed to simple liquids, colloidal solutions are intrinsically complex systems containing
mesoscopic particles, the colloids, in the nanometre to micrometre size range, and small solvent
and solute molecules. The presence of solute components makes it possible to modify at will
and on a large scale the static and dynamic macroscopic properties of the whole solution. Many
organic/inorganic, natural, industrial and biological systems correspond to this schematic
picture. Micelles, mineral oxide particles, polymer latices, soluble proteins, clay platelets,
surfactant lamellae etc represent the colloid component. The stability of the solution with
respect to irreversible coagulation or reversible aggregation and phase transition as well as
its rheology are controlled by the addition of ions (in polar solvents), complexing molecules,
adsorbing or non-adsorbing polymers, .. .. Due to the large asymmetry in size, mass and time
scale between the colloidal particles and solvent/solute molecules, most of the experimental
techniques are directly sensitive only to the former. Examples are light and small angle x-
ray or neutron scattering and direct optical visualization. It is thus tempting to forget, at
least explicitly, about the small species and to consider the colloidal solution not as a mixture
but as a monodisperse system formally equivalent to a simple liquid, the colloids playing
the role of atoms. The central question in this one-component picture is the determination
of the effective interaction potential or force between colloids which implicitly accounts for
the solvent effects. The denomination ‘colloidal interactions’ refers to this indirect, solvent-
averaged quantity.

Any standard theory of simple liquids first assumes a basic, unambiguous form for
the potential of interaction between atoms or molecules (hard-core short range repulsion,
charge—charge and multipolar coulombic contribution, . . .), then solves the N-body statistical
mechanics problem. In this case, the central question is: for a given pair potential v(r) (energy
of interaction of an isolated pair in vacuum as a function of the separation r), what is the pair
distribution function g(r) (normalized probability to find a pair in the configuration r inside
the concentrated liquid) from which most of the equilibrium and structural properties can be
directly derived [1]? The situation in colloidal systems is somewhat reversed: one must first
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perform complex statistical averages, this time over the degrees of freedom of the solvent
(including solute) molecules, before deriving the effective colloidal interactions. When an
isolated spherical particle is immersed in the bulk, the solvent structure is locally perturbed
around it, up to a distance XA from its surface. When two such particles approach each other,
the modified solvent ‘shells’ begin to overlap and the local fluid structure becomes highly
directional. It is this spherical imbalance which results in an effective force F acting on
the colloids. The nature, the strength and even the sign of F' are not obvious and depend
on the details of the solvent—solvent and solvent—colloid direct interactions. Assuming that
colloids in solution only interact by pairs, the effective or mean force pair potential v*// (r),
from which F is derived, then becomes the starting point in the standard, one-component
calculation of the colloidal correlations. This intermediate function v*// (r) is the key in the
powerful concept of colloidal interaction. Depending on the domain of interest, one focuses
on either the first or the second step in the averaging process. In the former case, the potential
is carefully determined as a function of solvent/solute composition and colloid nature and
dimension. (For large colloids of radius R > A, the interaction takes place only near contact.
In that regime of surface to surface separation 4 << R, the surface curvature has a trivial effect:
according to the Derjaguin approximation, F/R is independent of R and can be expressed
as mE, where E is the interaction energy per unit area between two parallel, infinite, flat
colloidal surfaces separated by the distance 4. Thus, most of the theories are developed in this
simpler planar geometry. For smaller colloids, the finite curvature must be taken explicitly
into account.) In the latter case, the richness of form in v¥// () induces a wide spectrum of
structural and phase behaviour in concentrated colloidal fluids, much wider than in simple
liquids.

The situation becomes quite complicated if the colloids interact not only by pairs but also
by triplets, . ... This happens when the solvent shell thickness X is not negligible compared
to the dimension R and the mean distance between first colloid neighbours, as in highly
deionized charge-stabilized colloidal solutions (A representing the Debye length). The overlap
of the spheres of interaction (radius ~ R + ) and the resulting colloidal interaction have a
multiple-body character and cannot be decomposed as a sum of pair contributions as before.
The N-body potential of mean force depends on the relative positions of all colloids inside the
solution. Although of formal interest, its practical use for illustrating the solvent effect and
calculating the colloid correlations is less trivial than in the pair-wise additive situation.

The experimental techniques used to determine colloidal interaction forces/potentials fall
in two complementary categories. For submicronic particles, the direct measurement of pair
interactions of two isolated colloids is not possible due to technical limitations in visualization,
separation control and force evaluation. On the other hand, the use of the thermodynamic
balance against the thermal energy kT (R4 x 1072' J at room temperature) and statistical
averages over N ~ 10?3 particles induce macroscopic behaviours from which interaction
curves can be indirectly extracted. The scattered intensity / (¢) as a function of the scattering
vector g and the osmotic pressure IT are widely used quantities which allow quantitative
evaluations. Light and small angle x-ray and neutron scattering offer a g-range of 107*—
1 A=! which is ideally suited for the study of submicronic colloidal systems [2]. Due to
obvious experimental limitations (finite number of points in a restricted domain of scattering
angle, non-perfect precision of the data etc), the usual procedure consists of the following
steps: (i) assume pair-wise additivity for the colloidal interactions, (ii) start a priori with
a simple form for the effective potential vl (r) including a few parameters (size, effective
charge, adhesiveness, . . .), (iii) solve accurately if not exactly the N-body problem of statistical
mechanics and (iv) compare the result with experimental spectra and adjust the parameters to
reach areasonable agreement [3]. Concerning the osmotic pressure, the combination of various
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techniques covers the broad range 1074~10*° Pa. Differences of absolute pressures between
solution and solvent reservoir through a membrane (IT = 1-10° Pa), solvent vapour pressures
above the solution (10°—10° Pa) are measured directly or indirectly by equilibration with a
previously calibrated reference system [4—6]. Analysis of a single sedimentation (10~*~1 Pa)
[7] or centrifugation (10°—107 Pa) [8] profile for heavy enough colloids also makes it possible
to determine the equation of state of the solution for a wide range of concentrations/pressures.
The theoretical interpretation of IT in terms of colloidal interactions requires the same statistical
treatment as before. A notable exception concerns lamellar systems where the osmotic pressure
is identified with the pair force per unit area (= — dE/dh) between infinite parallel plates.

The second category of experiments measures directly the force law between large enough
particles. With the surface force apparatus (SFA) [9] and atomic force microscope (AFM)
[10], two macroscopic curved surfaces (mean radius of curvature R) immersed in a liquid
are brought towards each other in a highly controlled way using piezoelectric crystals; the
separation distance % is measured through optical devices in the range 0—100 nm with a
precision of 1 A; the force F is deduced from the deviation of cantilever springs of calibrated
spring constant. The ratio F/R is obtained in the range 107°-10"2 N m~'. According
to the Derjaguin approximation, the resulting force law F/R(h) can be identified with the
corresponding law for large colloids immersed in a solution, at constant geometry, material
and solvent composition.

Modern techniques have been recently developed for direct measurement of colloidal pair
interactions in bulk. In paramagnetic oil droplet suspensions, the formation of aligned chains
of particles is observed under an applied magnetic field [11]. At equilibrium, the unknown
colloidal repulsion between two successive colloids is exactly balanced by a dipolar magnetic
attraction of known strength while the separation is measured through light diffraction.
With the total internal reflection microscopy (TIRM) [12], the fluctuating position of a
colloidal sphere (R > 1 um), subject to gravity, located above a glass plate, is analysed
in terms of the wall-sphere potential law. In other methods, video microscopy allows a direct
observation of colloidal configurations in bulk [13, 14] or near walls [15, 16]. The potential
of interaction is extracted from the measured pair distribution function [13,15]. A related
technique catches with optical tweezers isolated pairs of colloidal particles [14, 16]. After
release of the external constraint, the relative Brownian motion of the interacting particles is
followed.

The main purpose of the present topical review is to convince non-specialists that the
variety of effective colloidal interactions can be understood in a systematic and quantitative
way using a simple albeit accurate description of the solvent/colloid correlations. The modern
general formalism of statistical mechanics of liquids and asymmetrical mixtures is recalled
in section 2 with a careful presentation of the notions of N-body potential of mean-force
and effective pair potential in the concentrated regime. Although most of the concepts are
valid for different geometries, the focus is on solutions of spherical particles. The specific
properties of elongated, rodlike or flexible colloidal systems are not addressed. Section 3
reviews the different classes of effective interaction between pairs of colloids expected in
neutral systems as a function of solvent—solvent and colloid—solvent affinities. Section 4 deals
with electrostatic interactions between charged colloids in concentrated solution. The general
survey includes advanced as well as basic, Debye—Hiickel-like, theories. This somewhat
lengthy presentation leads to a critical examination of recent statements in the literature and
clarifies the important notion of ion-averaged attraction and liquid—gas phase separation of
pure electrostatic origin. Finally, section 5 evokes briefly the fundamental van der Waals
force as well as the miscellaneous interactions which result from complex couplings between
electrostatic, van der Waals and discrete solvent effects.
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2. Direct, mean force, effective potentials of interaction

The purpose of the present formalism is to transform solvent—colloid mixtures into colloidal
‘gases’. What are the effective, solvent-averaged interactions? To what extent do the text-book
concepts and formula of simple liquids [1], briefly recalled in 2.1, remain valid in the effective,
one-component approach?

2.1. Monodisperse systems

We consider N spherical particles in a volume V at the temperature 7 interacting via the
pairwise additive potential Uy (rV) = >ois j v(rij). v(r) represents the direct pair potential
between two isolated particles in vacuum and is, in principle, independent of 7 and of the
density p = N/V. The direct, pair force is f(r) = —v'(r). Examples of v(r) are the
hard-sphere, soft-sphere, Lennard-Jones, square-well, . .. potentials.
In the canonical ensemble, the pair distribution function g(r) is given by
2

\%
g = o / expl—BUN ] dr" 1)

where B = 1/kT and Zy = [ exp[—BUy]dr" is the partition function.
Virial and compressibility equations express the pressure P and the reduced
compressibility y = (dp/dB P)r in terms of simple integrals of g(r):

02
BP =p— 3 / g(r)Bv'(ryrdr 2

x=80)= 1+p/(g(r) — Ddr. 3

S(0) represents the infinite wavelength limit of the structure factor S(g).
It is always possible to write g(r) as

g(r) = exp[—pw(r)]. “

This defines the so-called pair potential of mean force w(r). Its name originates from the fact
that the force F (r) = —w’(r) is the mean force felt by particles 1 and 2, fixed and separated by
the distance r, the average being taken over the configuration of the N — 2 remaining particles
3,4,...:

—-V,U —BUy1drN~2
—Vlw(r12)=f( D) expl_pUx1dr =< Z f1(r1i)

[ exp[—BUy1drN—2

Like g(r), the mean force potential w(r) is of free energy nature. It depends on p and 7 and
implicitly contains many-body correlations. It is only at infinite dilution that the asymptotic
law g(r) = exp[—pBuv(r)] applies and that w(r) coincides with the direct pair potential v(r).
For the simple example of hard-sphere particles, v(r) is exactly zero for non-overlapping
spheres while w(r) presents an attractive well near contact and oscillations at intermediate
distances. This structure in w or in g is amplified as the density is increased and illustrates the
short-range liquid order which results from packing constraints.

>= Fi(r12). (5)

i=2,N

2.2. Mixtures and McMillan—Mayer theory of solutions

We now investigate solutions containing solvent molecules and solute colloid particles. Such
mixtures are quite general: the solvent component may represent the organic or polar solvent
itself as well as small solute molecules (salt, polymer, micelle, ...) which are added to the
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solution in order to modify the colloid—colloid correlations. In the same way, the colloidal
sub-system could be composed of different types of particles. The main idea of any statistical
mechanical theory of solutions since McMillan—-Mayer [17] consists in averaging over the
degrees of freedom of the solvent molecules and deriving solvent-averaged potentials of mean
force between solute particles. Note here that some particles like micelles in complex, mixed
colloidal suspensions can be considered as belonging either to the solvent components or to
the solute ones, depending on the degree of averaging and the level of analysis required.

To clarify the notation, we restrict ourselves here to binary mixtures composed of solvent
(s) and colloid (c) particles. Generalization to solutions containing many solvent and/or
solute species is straightforward. We assume that all particles interact via direct, bare,
state-independent, pair potentials, vgs(r), ves(r), vee(r). The pair forces are represented
by fij(r) = —vlfj (r). The system contains N, colloidal spheres. The colloidal density
N./V is denoted p.. Rather than setting the solvent density p, = N,/V, it is better, both
conceptually and in practice, to set the solvent chemical potential p; or the solvent activity
zs = exp(Buy)/A3. Thisisequivalent to setting the density p/ in a pure solvent reservoir which
is in osmotic equilibrium with the solution through a semi-permeable membrane, allowing
solvent molecules (but not colloids) to cross the membrane in order to equilibrate (s in both
compartments.

The different pair distribution functions g;;(r) are expressed as statistical averages in this
semi-grand canonical ensemble. For example [1]:

V2 7N
8ec(ri2) = 6 Z ]\; | /eXP[—ﬂUNﬁN(.]d'rN‘ dpNe—2 (6)
N, ‘Vs*
where the semi-grand partition function is

N,
2
e = ; Ns! / exp[—BUny,+n,1dr™ dr'e. (7

The total energy U = U, + U + Uy, is the sum of all pair interactions in the colloid—solvent
mixture.
As for the monodisperse case, the definition

Wee = —kT ln(gcc) (8)

introduces the colloid—colloid pair potential of mean force, the average being taken now on
the configurations of all solvent molecules and the N, — 2 remaining colloids. w.. must be
viewed as a colloid + solvent-averaged pair potential.

Generalization of the virial (2) and compressibility (3) equations gives

1
BP=p— prpj f 8ij(r) Bl (r)r dr ©)

[st (0)} :[ Z“/p’_p’A,,(O)} . (10)

ps must be understood as the averaged solvent density (which depends on p.) while p = p.+ o,
represents the total density.

S 1(g) is the element ij of the matrix S~'(¢), the inverse of the matrix S(q), composed
of the partial structure factors

Sii(q) = 8ij + hij(q) = 8;j + \/Pipshi; (q). (11)

hij = gij — 1 is the total correlation function and /;; its Fourier transform, normalized by the
density factor ,/p; p;. In the same way, ¢;; represents the normalized Fourier transform of the
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direct correlation function ¢;;. Use of the Ornstein—Zernike (OZ) equation has been made in
the second equality of (10). This equation, which reads in matricial form,

s1-¢)=1+h1-¢ =1 (12)
is the starting point of any theory based on integral equations. The exact closure to the OZ
equation can be formally written as [1]

8ij(r) =exp[—Bvij(r) + hij(r) — c;;(r) + b;;(r)] (13)
where b;; represents the so-called bridge function. Neglecting b;; defines the HNC integral
equation. Further linearization of the exponential factor beyond the contact (at distances larger
than the hard-sphere diameter o;;) leads to the MSA equation, ¢;;(r) = —Bv;;(r); r > ojj.

The McMillan—-Mayer theory of solutions gives for the reduced osmotic compressibility
(18]

_ (20
Xown = (a ﬂn>mm = 5.:(0), (14)

IT represents the osmotic pressure, i.e. the difference between the absolute pressures in the
solution P and in the reservoir P’. The thermodynamic derivative is expressed in the conditions
of osmotic equilibrium, namely at 7" and p, (or p;) constant. x,s, depends explicitly only
on the colloid—colloid pair correlations, in contrast to the full compressibility x (10), and is
formally equivalent to the compressibility (3) of the monodisperse gas of solute particles.

2.3. Potentials of mean force

In general, the colloidal particles are much larger and heavier than the solvent molecules. As
a consequence, most of the experimentally measurable quantities like the scattered intensity
are sensitive only to the correlations between colloids. It is thus tempting and fruitful to
formally regard the two-component mixture as a one-component system composed of colloids
interacting via an effective, solvent-averaged N.-body potential of mean force Wy, (r"¢)
[17,19]. The idea of this approach is to decompose the full statistical averages of the mixture
in two successive steps [20,21] (this decomposition is explicitly used in some numerical
simulations [22]): for a given configuration of the colloidal particles ("), the average over
the degrees of freedom of the solvent molecules is performed in the non-homogeneous space
imposed by the presence of the colloids, defining the solvent-averaged potential Wy, (1<)
and the force felt by each colloid F; (rNe)y = -V, Why,. Then, the statistical average over the
colloidal degrees of freedom is performed in the one-component system with the Boltzmann
factor exp(—BWy,). Note that, in theory, as long as the static properties are concerned,
this one-component model (OCM) exactly reproduces the properties obtained with the two-
component approach, which treats in parallel and on an equal footing the colloid and the
solvent degrees of freedom (this would also be true for the dynamic properties but only in the
adiabatic limit where the solvent molecules relax instantaneously around the moving colloids).
In practice, this decomposition is a powerful way to exhibit fundamental concepts of interaction
and correlation in mixed systems and to derive simple, approximate but accurate expressions
for W used as inputs in the simple OCM. Different expressions for Wy, (") can be defined,
which differ only by an additive constant which is irrelevant for the colloid correlations or
forces but which is important for the thermodynamics of the solution.

Equating the semi-grand potential Q2(7, V, us, N.) = F — usNy = —PV + u N, (F is
the free energy) in the two- and one-component approaches gives the fundamental definition
[21,23]

Ny

exp[—AWy] =) ]Zv , f exp[—BUn, v, 1dr™ = e P¥ (exp[—B(Uee + Uey)D)s (15)
Ny St
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where the first term in the right-hand side of (15) represents the partition function of the pure
solvent reservoir (of the same volume V) with , = — P’V and the second term (in brackets)
can be viewed as the mean Boltzmann factor (exp[—B¢n, 1)s (With ¢ = U, + U) of a test
complex, N -body particle introduced randomly into the solvent system.

By construction, the thermodynamics and the spatial correlations (at any order) between
colloids in the OCM with the potential (15) are identical to those obtained in the original
two-component system. For example, the pair distribution function g.. (6) can be reproduced
with the OCM expression (1) with Uy replaced by Wy.. Note that Wy_ does not vanish in the
limit of very large inter-colloid distances. In other words, it contains familiar two-, three-, . ..
multi-body (colloid) terms as well as zero- and one-body terms which are important for the
thermodynamics of the solution [20,21,23]. Each term can be expressed as a diagrammatic
expansion in powers of z;. As far as the spatial correlations are concerned, the special zero- and
one-body terms can be discarded. The new definition, which differs from (15) by an additive
constant, independent of the colloidal positions, reads [24]

(expl—Ben, s
exp[—BW, [,] = —_— (16)
PN = =B

The term in brackets in the denominator represents the mean Boltzmann factor of a test isolated
colloid immersed in the solvent. At large inter-colloid distances, the mean Boltzmann factor in
the numerator can be factorized and the potential of mean force in (16) vanishes, as required.
At low colloidal density, the colloids interact mainly by pair and W can be restricted to the
sum of pair potentials W,. In the limit of zero colloidal density, w,. in (8) coincides with W,
(we will see later how this simple law breaks down for salt-free charged colloidal systems).
At finite density, higher order terms become important and W is no longer pairwise additive.

From any of the two definitions for W, the mean force applied to a colloid i in the
configuration (#"¢) can be decomposed as

F(r") = —V;Wy, = F + f ps(r) fse(lr —ri]) dr. 7)

The first term is the direct force —V; U,., i.e. the sum of pair forces f.. coming from the colloid
neighbours. The second term arises from the solvent particles whose local density inside the
inhomogeneous solution, around the colloids, is denoted by p,(7). In principle, expression
(17) for the mean forces does not bring more information than the potential of mean force W.
In practice, the free energy route and the force route are both useful and complementary to
fully understand the various couplings inside the solution.

Where the thermodynamics of the solution is concerned, the solvent contribution must be
taken into account through the zero- and one-body terms in the potential of mean force (15).
From the equivalent pressure point of view, the virial equation (9) of the solution becomes,
using the two successive steps in the averaging,

1 1 1
P = pkT — W< ZT,’V[UN>M = ka + W<Z""i . -Fi>c+ W</'r - fs(r)ps () d"">c

iec,s iec

1
+W</ lr — 7' lv (Ir — 7D pss (r, ') dr d?"> (18)

c

while the OCM virial equation (2) would give
1
BP :kaT+W<Zfr,» F> (19)

iec
Expression (18) for the absolute pressure contains the virial pressure of the solvent in the non-
homogeneous space characterized by (r"¢). f,(r) = —Vu,(r™, r) represents the external
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force due to all colloids, u, (r™e, r) = Y ice Ves (I7 —7;]) the external potential and p, the two-
particle density. The osmotic pressure IT of the solution is rigorously given by the difference
between (18) and the corresponding expression for the pure solvent. To what extent is this
difference correctly recovered by the OCM expression (19)? This usually fruitful identification
of the colloidal ‘gas’ pressure (19) with the osmotic pressure of the solution IT is not exact
following the virial route and must be applied with caution. In particular, it fails to account
for the counter-ion contribution in charged colloidal systems (see section 4). This should
be opposed to the more universal OCM compressibility route, which always gives the exact
osmotic pressure through (14).

Closing this section, one could investigate the ideal case where the solvent molecules do
not interact with each other, vy, = 0, but interact only with the colloids [21]. The (perfect
gas) pressure in the reservoir is P' = p/kT. Since the solvent molecules are uncorrelated, the
partition function of the solvent in the non-homogeneous fluid can be factorized. The final
result for the potential of mean force reads [21]

Wy, = Uee — PO (™) (20)
where the interaction volume is
V= / e P (e ) dr (21)

in the first definition (15), and is
9 = / [e @™ _ 1 — N (e ") — 1)]dr (22)

in the second definition (16). The local solvent density which monitors the mean forces (17)
is simply

ps(r) = pl e Prurn, (23)

In the real case, expression (20) gives the correct behaviour only to first order in z; or p;.

2.4. Effective, solvent-averaged, pair potential

In general, the N.-body potential of mean force is not pairwise additive and depends on the
relative position of all colloids. This prevents a simple visualization and a clear understanding
of the solvent effects. For example, it is difficult to deduce, from the force felt by each colloid
in a given configuration, the extent to which the colloids ‘on average’ repel or attract one
another in solution. In order to overcome this difficulty, it is tempting to write formally Wy,
as a sum of pair contributions

Wi, (™) = 3ol () (24)

i<j

and introduce the so-called effective, solvent-averaged, colloid—colloid pair potential vﬁff (r).
Again, (24) is an approximation. A pair description alone is not able to reproduce the colloidal
forces and all colloid—colloid correlations resulting from the original full potential of mean
force Wy,, whatever the form of vf{f (r). Nevertheless, it should be sufficient to reproduce
at least the pair correlations. This leads to the following rigorous definition which seems to
be the most natural and interesting one [25] and has been intensively applied with success in
charged systems since the early 1980s [26-29]:

vﬁ{f (r) is the pair potential which would lead, within the OCM and the pairwise
additivity assumption, to the same colloid—colloid pair distribution function g..(r)
as obtained within the two-component model, at identical temperature and colloidal
density. (25)
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In practice, one must first solve the mixture problem characterized by the pair potentials v;; (r)
or, equivalently, the OCM with the N.-body potential of mean force. Then, the pairwise
additive OCM is solved in the reverse of the usual way, the (effective) pair potential being
extracted from the known pair correlations. Note that the uniqueness of the solution to this
inverse problem has been established [30]. The effective potential so defined is exactly the
potential extracted from standard fits of experimental scattering spectra I (g).

In principle, there is no more information in vigf (r) than in g..(r) or S..(q). In contrast
to Wy,, ve’ does not represent some intermediate function in a two-step averaging (one
must integrate over the colloidal degrees of freedom before deriving it). Nevertheless, in
practice, it is a powerful concept, which clearly illustrates how the solvent monitors the
effective interaction between colloids. In particular, the sign of ¥ indicates whether the
colloids feel a repulsion or an attraction from their neighbours, on average. Moreover,
analytical, approximate albeit accurate expressions for v¥/’ can be deduced in various
systems.

vﬁ{f can be viewed as a solvent-averaged or semi-mean force pair potential. It differs
from W, and depends on the colloidal density since it implicitly contains partially averaged
many-body interactions. By construction, it leads exactly to the same pair correlations as in
the original system but it is in general insufficient to give the correct n-body correlations of
higher order, gi.f.), . ... Fortunately, this weakness does not affect the thermodynamics using the
compressibility route (14). In particular, if one approaches a liquid—gas spinodal line or critical
point in the phase diagram of the two-component system, x,s» and S..(0) present diverging
values, which automatically imply the existence of attractions in ve.’ near this thermodynamic
state. y

We are now left with three kinds of colloid—colloid pair potential in the mixture, v, vl
and w,.., which must not be confused. The two last depend on the thermodynamic state
and differ by the degree of averaging. vﬁ{f is a solvent-averaged potential while w,. is the
solvent + colloid-averaged potential (of mean force). For example, in hard-sphere mixtures,
the former will present negative values near contact due to the osmotic pressure of the small
spheres against the two investigated colloids (this local osmotic pressure being perturbed by the
colloidal environment) while the latter will present negative values due to the osmotic pressure
of the solvent as well as colloid particles (two mixed depletion effects). In the absence of
solvent, vf.{f and v.. coincide while w,, contains the usual one-component contributions of
free-energy origin. In the opposite limit of zero colloidal density, &7 and we. coincide (except,
again, for the important case of salt-free charged systems) and represent the interaction between
two isolated colloids immersed in the solvent.

In practice, the usual procedure for extracting the effective pair potential starts by mapping
the two-component OZ equation (12) onto a one-component one [25]. Identifying g.. in both
models gives for the OCM effective direct pair correlation function

62

é;?{f =Cec + . (26)
— Css

Once an integral equation within the OCM has been chosen, the effective potential is directly
deduced from g..(r) and cf.{.f (r). In practice, the integral equations used in both models are
approximated and it is necessary and sufficient at this level of approximation to use the same
integral equation in the OCM as in the mixture [27-29] (this guarantees at least that direct and

effective potentials coincide in absence of solvent).
Comparing the diagrammatic expansions of the pair distribution function g, in the two-
component mixture characterized by T, p,, z;, v;; and in the OCM characterized by T, p,,

vﬁ{f , and identifying the terms of same order in p., gives the first diagrams listed in figure 1
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Figure 1. First diagrams in the expansion of the colloid—colloid effective pair potential vf[f (r).
The small black symbols are field solvent particles, weighted with solvent activity z;. The
solid lines represent Mayer function links f;; = exp(—pBuv;;) — 1. At this level of expansion,
ps/zs = 1+ pe f Jfes(r) dr. In the last diagram, the large black symbol is a field colloid particle
and the dotted lines represent 1 + f.. = exp(—pBv) links.

for the effective potential vﬁ{f . Note the presence of diagrams involving colloid neighbours

which illustrates the p.-dependence of this effective pair potential.
The leading, three-body (2 colloids+1 solvent) term is given by (20),(22) and corresponds
to the first diagram in figure 1:

v (12) = v (12) — kTp)! / (e Pred _ 1) (e P _ 1) drs. (27)
The corresponding expression using the force route (17) is

(12) = 124 [ fu (13 @ ) g (28)

The integrals in (27) and (28) represent the first effect of the solvent molecules on the
potential/force between colloids. They can be derived and understood in an intuitive way:
the potential expression represents the difference in free energy of the inhomogeneous solvent
subsystem between configurations characterized by rj, and by r;, = oco. The force expression
is even more obvious and represents the integrated force coming from the solvent molecules
which are located around the two colloids. Anticipating the discussion in the next sections,
one already notes that both cs repulsion and attraction lead at this level of approximation to an
effective attraction between colloids. In the former case, there are less solvent molecules in the
interstitial region between the colloids than in the opposite directions since, there, the solvent
is repelled by the two colloids at the same time. This asymmetry in solvent population results
in a force which pushes the colloids towards each other, namely in an effective attraction of
depletion origin. The analogous discussion in terms of potential is related to the convexity of
the exponential function: when the colloids are close to each other, the solvent molecules are
less frustrated by the repulsion coming from the colloids (compared to the large separation
configuration), their partition function in the inhomogeneous system is higher and their free
energy is lower, which means that the configuration is more favourable and the effective
potential is negative. In the latter case of c¢s attraction, the situation is reversed: more solvent
molecules accumulate in the interstitial region (simultaneous attraction from both colloids),
which results in an effective attraction between colloids, this time of bridging origin.

The leading diagram (27) is sufficient to understand the interaction between colloids at low
solvent density as it is sufficient to give the third virial coefficient in monodisperse systems.
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At higher solvent activity, many body correlations take place, more diagrams must be included
and the situation becomes less obvious and requires careful analysis.

3. Colloidal interactions in neutral systems

3.1. Hard-sphere mixtures: depletion and structural forces

The simplest example of a colloid/solvent system is the hard-sphere mixture (diameters oy and
o.), characterized by the pair potentials

Bui; (r) = +00 r<ojj=I(0;+0;)/2
=0 r > ojj. 29

This athermal system is governed by correlations of entropic (excluded volume) origin. The
main effect, the depletion attraction between large balls due to the osmotic pressure exerted
by the small ones, was first introduced by Asakura and Oosawa [31]. In the last few years, the
hard-sphere mixtures have been the subject of beautiful experimental and theoretical studies,
focusing on the force acting on the colloids as well as on the phase separation which could
result from the depletion attraction (see [32], [23] and references therein). Experiments mainly
concern mixtures of large neutral colloids and short non-adsorbing polymers immersed in theta
solvent. The polymer coils are seen as small spheres, more or less penetrable one to each other.

In the pure-hard sphere mixture, the particles feel each other only during collisions (at
contact). The force exerted by a solvent sphere on a colloid can be written as kT §(r — o).
Consequently, the volume integral which gives the solvent force acting on each colloid (17)
reduces here to a surface integral [33]

Fi(r') = — f 0:(S)KT dS. (30)
S.

S; represents the sphere centred on r;, of diameter o,,. The surface vector d.S points outwards
this sphere. Due to the presence of the colloidal neighbours around i, the solvent density
at contact p,(S) is not spherically symmetric. As a consequence, the unbalanced osmotic
pressure of the solvent molecules p,;(S)kT against the ith sphere results in a net force F;.

To first order in z; or p; (or in the ideal case where the solvent molecules do not feel each
other, o, = 0), the local density p,(r) coincides with p; in the interstitial regions accessible
to the small balls and is zero elsewhere [21]. The surface force reduces to

Fi(rY) = —p;kT/ ds. (31)
S;‘free’

S; ‘free’ represents the portion of surface S; accessible to the solvent molecules (not excluded

by the volume of the colloid neighbours). Equivalently, the N -body potential of mean force

reduces in the same limit to

Wy, = —pikT pree(r™) (32)

where the interaction volume coincides with the real free volume offered to the solvent
molecules in the fixed (™) configuration (minus the free volume at infinite separations).
The origin of the depletion attraction is now clear (figure 2(a)): when two colloids 1 and 2
approach each other at rj; < 20,, = o, + 0y, the two excluded volumes V; and V,, of radius
o.s, forbidden to the solvent, begin to overlap, which means that the free volume increases
by the quantity V; N V,, and the entropic pair potential W, is equal to —p;kT V| N V,. Using
the equivalent force picture, the presence of particle 2 in the vicinity of particle 1 prevents the
solvent molecules from going between 1 and 2. The existence of this depletion region breaks
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Figure 2. Schematic representation of excluded volume correlations in asymmetrical hard-sphere
mixtures. The dotted zones are forbidden regions for the solvent particles, the solid arrows indicate
local solvent osmotic pressure forces, the dashed arrows represent effective forces. (a) Bare, first
order depletion attraction. (b) Second order structural repulsion: increase of the solvent density
near colloidal surfaces enhanced in the interstitial region (see text).

the osmotic pressure balance around 1 and the solvent molecules located in the direction
opposite to 2 push particle 1 against particle 2.

For two colloids in contact (71, = o), the first diagram gives W, = —¢,(1+ %Uc /os) and
BF = —(/4)p,05(20.+0;) [34]. Atconstant volume fraction occupied by the solvent ¢, the
depletion attraction becomes shorter range and deeper at contact when the solvent molecules
become smaller [35].

In general, the free volume accessible to the solvent is not pair-wise additive. For
example, in the presence of three approaching colloids 1, 2 and 3, the gain in free
volume (compared to the infinite separation situation) is Vi + Vo + V3 — ViUV, U V;
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=sVinWL+ViNnVs+V,N V3 -V NV,NV; and, due to the extra, three-body term, is
smaller than the sum of the previous two-body volumes [36]. The existence of this three-
body repulsion indicates that the effective depletion pair attraction decreases in general
with increasing volume fraction (this shows up in the repulsive last diagram of figure 1,
involving three colloids). Meanwhile, for large size ratio o./o, (larger than 2,/3 + 3 ~
6.5), the intersection volume V; N V, N V3 is empty, even for three colloids in contact,
and the depletion attraction is additive by pairs, at least to first order in the solvent
density.

When the volume fraction of the solvent sub-system becomes appreciable, the bare
depletion picture is not sufficient to describe the colloid interactions and diagrams of higher
order, involving 2, 3, ... solvent molecules must be taken into account [37,38]. The solvent-
solvent excluded volume (oy; # 0) induces a short-range liquid order in the solvent liquid
which is perturbed near a colloidal surface. The main effect is the appearance of an ‘adsorbed’
solvent layer (of higher density than the bulk solvent density) around each colloid. The origin
of this layer is still entropic and can be explained as a depletion effect, this time between one
colloid and one solvent sphere. Following the same reasoning as before (see figure 2(b) for
a schematic picture), when one particular solvent sphere s is located near a colloidal wall 1
(r < o + 0y), a depletion region appears between them which is excluded to the solvent
neighbours, resulting in a net osmotic force which pushes the solvent sphere against the wall.
In other words, the free volume accessible to the solvent liquid is increased when the excluded
spherical volumes V; and V) of radius o, and o, centred on the solvent and colloid positions
respectively, begin to overlap. The induced solvent layer has a thickness of 0. As a first effect
of the extra-solvent density, the bare depletion attraction between touching colloids increases.
More importantly and subtly, this accumulation of solvent near a surface is enhanced in the
interstitial region between two approaching colloids 1 and 2 (rj, < o, + 20;). Indeed, within
this region, the solvent sphere maximizes the gain in free volume for its solvent neighbours,
Vs N Vi + Vg NV, Or, using the pressure picture, the solvent sphere located at the entry of
the ‘funnel’ feels a net osmotic force along the mid-plane between 1 and 2 which pushes it
in the direction of the exit of the funnel. Both routes indicate that the local solvent density
around the two colloids is higher between them than in the opposite direction. According to
(30) for the mean force, this results in a repulsion between colloids which adds to the bare
depletion attraction (in other words, when two colloids approach each other, their adsorbed
solvent layers begin to overlap the hard cores and the partial destruction of them costs in free
energy). At separations o, + 05 < r;p < o, + 20y, the bare depletion vanishes and the new
repulsion dominates. This effect of order p/? corresponds to the diagrams of the second line
in figure 1.

The previous analysis helps us to understand why the interaction between large balls in
an ocean of small ones presents at high volume fraction a depletion attraction near contact
followed by oscillations of period o, between domains of repulsion and attraction (figure 3).
This behaviour, similar to what happens in monodisperse hard-sphere systems, is the signature
of the liquid order of the underlying fluid and of its alteration by the presence of one or two
colloids in the neighbourhood.

Direct measurements of hard-sphere depletion pair interactions have been performed
between curved mica surfaces in non-aqueous liquids [39] (SFA) and between polystyrene
colloids and flat glass surfaces in nonionic polymer solutions [40] (TIRM). Indirect
experimental evidence for the depletion is generally deduced from the stability of hard-sphere
mixtures with respect to phase separation [41]. Concerning the theoretical prediction of phase
diagrams, one must keep in mind that the strength of the depletion attraction determined at
zero colloidal density is in principle not sufficient to determine the precise location or even
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Figure 3. Effective v%f (r) and mean force w..(r) pair potentials between colloids in pure hard-
sphere mixtures: depletion + structural forces. o./os; = 5. The curves are labelled with their
volume fraction composition @5, . = 4%, 0%; 15%, 0%; 11.9%, 15%. The last two cases
correspond to the same solvent activity or solvent density in the reservoir ®; = 15%. BHP integral
equation [123] in the two-component and effective one-component models.

to guarantee the existence of the liquid—gas or fluid—crystal transition. Indeed, the effective
pair potential becomes less attractive in general for increasing colloidal volume fraction due
to the 3, 4, .. .-colloid contributions in the N .-body potential of mean force (figure 3). At
high size ratio, the non-additivity character appears only at high solvent volume fraction
(the solvent molecules located in the gap between colloids 1 and 2 and those located in the
gap between colloids 2 and 3 are coupled only in diagrams of high order, involving many
solvent balls) and the pairwise additivity approximation should be valid at lower solvent
density. The reader interested by this issue is referred to a recent simulation work [23],
which unambiguously proves the existence of additive hard-sphere phase separation in this
regime.

Starting from the reference case of hard-sphere mixtures, we will now investigate step by
step the presence of extra, soft interactions between the various components. Four basic cases
can be distinguished.

3.2. Colloid—solvent repulsion: enhanced, longer-range, depletion

Assoftrepulsion, of range d > o;, between colloid and solvent particles is added to the previous
hard-sphere interactions. As a consequence, a depletion layer of solvent develops around each
colloid (negative adsorption) which leads, following the same mechanism as before, to an
attraction between colloids. The interaction volume (22) cannot be simply identified with
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a real free volume now but the resulting interaction is very similar to that obtained in the
pure hard-sphere case. Roughly speaking, the hard-spheres results can be applied with the
colloid—solvent contact distance o, replaced by a renormalized value of the order o./2 + d
(the case of pure hard-sphere mixtures with positive nonadditivity in diameter has recently been
considered in [42]). Thus, the enhanced depletion may be important even at low hard-sphere
volume fraction ¢;.

This simple analysis allow us to explain why two hydrophobic surfaces, carrying groups
which repel water molecules, attract each other [43]. The strength of this hydrophobic force
may be sensitive to the temperature [44]. Its range, linked to the range of the colloid—solvent
repulsion, is generally limited to a few nanometres in surface—surface separation.

Another illuminating application can be found in mixtures of large and small charged
objects of same sign, the small component playing the role of the solvent. The particles interact
via (ion-averaged) screened coulombic repulsions, which decay as exp(—«r)/r. The colloid—
solvent repulsion induces a deep attraction between colloids, which adds to and sometimes
dominates the direct repulsion [37]. This depletion of electrostatic origin has been observed
in various systems like mixtures of SDS micelles and large oil droplets stabilized by a SDS
surfactant layer [45, 11] (optical observation), crossed mica cylinders coated with an adsorbed
bilayer of CTAB and immersed in a CTAB micellar solution [46] (SFA experiments) and
polystyrene particle near a glass plate in presence of silica particles or charged polymers [47]
(TIRM). The depth of the attraction is monitored by the depletant concentration (in p; to
leading order) while the range is related to the large Debye length « .

In the same way, the coulombic repulsion between large and small colloids in highly
deionized bidisperse charged latex suspensions induces a ‘charge ordering’ even at low volume
fraction which can be observed in x-ray or neutron scattering experiments [48, 49]. The contrast
match technique makes it possible to determine the pair correlations among particles of one
of the two components (viewed here as the ‘colloid’ component). The partial intensity curves
can be interpreted in terms of effective pair potentials (25) which present a clear electrostatic
depletion due to the hidden particles of the other (‘solvent’) component [49].

We next proceed with a slight digression. It happens in some charged colloidal systems
that, despite intensive cleaning through dialysis or ion exchange resin, small charged pieces
of material remain in the solution between the colloids. An important example is constituted
by latex systems where the surface of the lattices may release charged polymers of low mass
in the bulk [6]. These new particles are not small enough to cross a dialysis membrane.
Moreover, since the release seems to result from an equilibrium between surface and bulk, the
solution will always contain the extra component even after careful cleaning. The polymers
are negligible with respect to the mass fraction of colloids. They do not contribute (at least
directly) to any scattered intensity and cannot be seen by optical visualization. On the other
hand, they contribute to and even dominate the total number of particles as can be observed in
osmotic pressure experiments [6]. More importantly, in highly deionized solutions, the ionic
strength is kept very low, the Debye length is large, much larger than the real size of the small
molecules, and the effective, electrostatic, volume fraction of the charged polymers may be
large, inducing a strong depletion attraction between colloids. This effect could explain [50]
non-classical behaviours observed in highly deionised monodisperse latex systems [51].

3.3. Solvent—solvent repulsion: oscillating structural force

If the solvent molecules repel each other through a soft repulsion of range d > oy, they tend
to accumulate near inert colloidal surfaces and a repulsion at contact followed by oscillations
will appear at high solvent density in the colloid—colloid effective potential. This structural
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force (in p? to leading order) is similar to that described in hard-sphere mixtures although
the softness of the ss repulsion somewhat damps the oscillations of period d. It could be
clearly identified in mixtures of large neutral colloids and small charged micelles where the
absence of colloidal charge guarantees the absence of direct repulsion and indirect depletion
attraction between colloids. When the colloids become charged (again of the same sign as
the solvent), all effects add up and the resulting interaction between colloids presents complex
structures which depend on the size and charge ratios and on the solvent density, as seen in the
experiments mentioned above [45—49].

Before closing sections 3.2-3.3 on depletion and anticipating the analysis of charged
systems in section 4, it is important to note here that the description of charged solvent effects
solely in terms of electrostatic depletion attraction between colloids must be used with caution
at low ionic strength. In that regime, the effect of the solvent particles on the colloid-colloid
effective interaction is less of depletion than of screening nature. In practice, this means that the
diagrammatic or virial expansion is only slowly convergent and keeping only the first leading
terms could lead to predicting a strong attraction where the correct ion + solvent-averaged
interaction is purely repulsive (see the discussion at the end of 4.1).

3.4. Colloid—solvent attraction: steric, stabilizing repulsion + bridging attraction

What happens when the solvent molecules present an affinity for the colloidal surfaces? The
direct cs potential is now the sum of the hard-sphere repulsion and of a soft attraction.
As a consequence, the leading expression for the effective cc potential will contain three
contributions, (i) the bare hard-sphere depletion attraction, (ii) a steric repulsion and
(iii) a bridging attraction at larger distances. The physical picture is trivial: when the cs
attraction is turned on, an adsorbed solvent layer will appear around each colloid. When
two particles approach each other, the layers first begin to overlap. The local solvent density
increases, which induces a bridging attraction (ii) (note that if the adhesion attraction is highly
directional, the solvent molecules in the gap cannot stick to two surfaces at the same time and
the bridging effect disappears). The separation still decreasing, the layers are now perturbed
by the internal hard cores and are partially destroyed. The intersticial density decreases by
volume exclusion, there is a loss of attractive energy (cost in free energy) and this frustration
induces a so-called ‘steric’ repulsion at short distance (iii) which rapidly overcomes the bare
depletion (i), even at low affinity (see figure 4).

This kind of repulsion is the basis of any steric stabilization of colloidal suspensions due
to the presence of adsorbing molecules [9]. In the limit of strong binding, the adsorbed layer
can be viewed as an additional hard core which prevents the colloids from coming into true
contact. Examples of stabilizing agents are (adsorbing) polymers, small organic complexant
molecules or some organic or polar solvents. In the important case of water as a solvent,
hydrophilic surfaces are stabilized through the so-called hydration force. Before going into
detail in these examples, it is first necessary to complete the study with the last basic case of
direct interaction.

3.5. Solvent—solvent attraction: modulation of steric and hydration forces

In the case of solvent—solvent attractions of range d, the frustration felt by the solvent in the
vicinity of passive hard-core volumes induces a depletion layer around colloids. This depletion,
enhanced in the interstitial regions, induces as before an effective attraction between colloids
(figure 4). This means that passive surfaces behave as solvophobic when immersed in a solvent
with ss attraction. The range of the depletion attraction is usually of the order of d, except
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Figure 4. Effective colloid—colloid pair potential vﬁ{f (r) in hard-sphere mixtures with additional
colloid—solvent or solvent—solvent direct attraction: steric + bridging or solvophobic forces.
oc/os =5, Py =4%, O, = 0. Bues(r) and Bugs(r) are Yukawa potentials of range d = o, /2 and
depth at contact K. and Ky, respectively. BHP integral equation.

in the limit of a solvent very close to its liquid—gas spinodal line or critical point where it is
related to the large correlation length of the fluid [52].

It is now possible to analyse the complex behaviours observed in real suspensions which
combine affinity of the solvent for the surfaces and solvent—solvent attraction or repulsion.

For macroscopic surfaces or micrometric colloids, steric stabilization involves most often
adsorbing polymers [53]. The steric layer is due to irreversible grafting or reversible physi-
or chemisorption. The polymer-average potential between colloids and the stability of the
solution will depend on the strength of the adhesion, on the temperature or on the quality of
the real solvent for the polymer (steric, entropic repulsion enhanced in good solvent, attraction
in bad solvent) and on the degree of coverage (bridging attraction at intermediate value) [9].
Although the precise form of the interaction involves the polymeric nature of the molecules,
the simple analysis described above is usually sufficient to qualitatively explain most of the
behaviours.

For nanometric colloids, polymers are less adapted due to the formation of bridging
necklaces [54] and to the important volume fraction occupied by the thick adsorbed
‘layers’ [55]. A better candidate for steric stabilization involves small complexant molecules.
The complexing shell plays the role of a ‘double sided tape’: the inner side is strongly adhesive
to bind to the colloidal surface and blocks its reactivity, while the outer side may induce a weak
attraction between covered stabilized particles [56].

The short-range, strong hydration repulsive force observed in colloidal and biological
aqueous solutions results from complex couplings between water—surface and water—
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water interactions (see the recent review [57]). The presence of dipole, quadrupole, ...,
polarizability in the water molecule induces highly directional (hydrogen bonds) water—
water attractions favouring tetrahedral icelike configurations. A surface can be considered as
hydrophilic only if ‘it likes water more than water likes water’. This is the case of materials like
silica or lecithin or surfaces carrying hydrophilic groups (H-bonding groups, bound ions, . . .).
The strong binding of H,O molecules (surface hydration) guarantees a strong surface—surface
stabilizing hydration repulsion [43]. On the other hand, the cost in free energy (energy minus
orientation entropy) needed to disrupt the water network near passive surfaces leads to a
depletion of H,O molecules (dewetting of the surface) and to a surface-surface hydrophobic
attraction. The effect is amplified if the surfaces carry hydrophobic groups (hydrocarbons,
fluorocarbons, . ..). The hydration force has been measured in numerous osmotic pressure
[58] or SFA experiments [9]. The data are usually adjusted with an exponentially decreasing
function of the surface—surface separation, the characteristic distance being of the order of
1-10 A. From the theoretical point of view, refined discrete models of water fluids have been
studied in bulk or near various surfaces [59-61]. The different density profiles vary rapidly on
fractions of angstroms due to the complex, non-spherical nature of the direct potentials. The
resulting force between surfaces presents a rich structure which strongly depends on the details
of the coulombic interaction parameters. In particular, the hydration force and the associated
stability seems to be very sensitive to the presence of ions and may vary drastically when
‘specific’ ion—solvent and ion—surface interactions are introduced [62]. The debate about the
quantitative explanation of the measured hydration force and about the precise role of the water
anisotropy on the apparent exponential behaviour is still open [57, 63].

4. Colloidal interactions in charged systems

We now focus on solutions of charged colloids and small ions. Within the so-called Primitive
Model (PM), the discrete nature of the polar solvent is forgotten and mixtures of charged hard
spheres (diameter o;, charge valence Z;, concentration p;) immersed in a continuous solvent of
dielectric constant ¢ are considered [19]. The PM pair potentials (solvent-averaged potentials
of mean force) are

Buij(r) = +oo r <o
=ZiZjLB/}" r>0,~j (33)

where the Bjerrum length L g = ¢?/(4meoekT) is the single parameter which takes the solvent
implicitly into account. Lg &~ 7 A in aqueous solutions at room temperature. It is implicitly
assumed in (33) that the interior of the charged particles has the same dielectric constant than
the solvent (no electrostatic images).

In such mixtures viewed as asymmetrical electrolytes, the colloidal spheres ¢ are much
larger and more highly charged than the simple ions. Despite its crude, ‘primitive’-treatment
of the solvent (neglect of van der Waals and hydration forces), the PM contains most of the
characteristics of charged systems: (i) the infinite range of the 1/r coulombic potentials,
(i1) the simultaneous presence of positive and negative charges in order to guarantee the
electroneutrality condition Y p;Z; = 0, (iii) the coupling between ++, —— repulsions and
+— attractions. As before, the aim is to find out the effective, ion-averaged potential of mean
force between colloids, in a description where the small ions play the role of the solvent in
the general analysis. In contrast to what happened in neutral systems, the treatment in terms
of virial expansion is now useless because of the points (i)—(iii) and special approaches are
required.
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Since the 1910s, the problem of charged systems has been attacked from different
directions, at different levels of approximation. The concept of electrostatic screening
introduced by Gouy, Chapman and Hiickel in the 1910-20s, led to the famous DLVO screened
coulombic, effective potential between colloids in the 1940s [64]. Since the 1960s, numerous
studies of the Poisson—-Boltzmann (PB) approach have derived the notion of ionic condensation
and effective colloidal charge, reminiscent of the Bjerrum concept of ionic association in the
1920s. The approach based on the numerical resolution of integral equations (especially
HNC-like closures) was developed for the PM of colloids in the early 1980s.

Concerning the ‘exact’, reference treatment based on numerical Monte Carlo (MC) or
molecular dynamics (MD) simulation, which could serve as tests of the validity of approximate
theories, only a few studies of bulk charged colloidal systems, with size and charge asymmetry
in the salt-free micellar regime, have been performed since the early 1980s [65-69]. The
relative lack of PM simulation data illustrates the technical difficulties related to the three
points described above: (i) the long-range nature of the potentials implies the heavy, time-
consuming calculation of Ewald sums at each colloid-ion configuration, (ii) the total number
of particles rapidly becomes large as the charge asymmetry increases since even a reasonable
number of colloids must be accompanied by a large number of counter-ions in order to maintain
the electroneutrality of the system and (iii) last but not least, the accumulation of counter-ions
in the vicinity of the colloidal surfaces implies the use of very small MC displacements or short
MD time steps in order to avoid colloid—counter-ion overlaps and thus an astronomic number of
steps to get a good statistic in the correlations (investigation of colloid—ion cluster moves seems
to be a good direction to follow in order to overcome this last difficulty [70]). These reasons
explain why only charge asymmetries of 1/—10 to 2/—20 have been published in the literature
in the last 20 years [65—67,69] and why, as a consequence, unusual behaviours derived by
approximate theories at higher charge cannot be validated without ambiguity. Although very
recent publications support some optimism [68—71], one must admit that, even half a century
after DLVO, bulk colloidal systems are still not yet ‘exactly’ understood at high electrostatic
coupling, quantitatively as well as qualitatively.

While PM simulation is difficult in bulk, it becomes easier and has been intensively used
since the early 1980s in the fundamental, special case of two parallel, charged walls separated
by a simple electrolyte [72]. In that case, there are only two fixed colloidal surfaces (two
interacting double layers) and the previous difficulties disappear. The data are analysed in
pressure versus wall-wall separation curves. Thank to these complete simulation studies,
one could say that the behaviour of this particular geometry is exactly known since the
1980s.

In the last few years, one observes in the literature a return to the problem of charged
colloidal systems. Recent analyses based on modern theories like the density functional theory
(DFT) have brought fruitful points of view. They have also led to a few controversies, especially
about the fascinating issue of effective, purely electrostatic attraction between like-charged
colloids.

The purpose of this section is (i) to recall the correct equilibrium and structural properties
of the PM through well established but sometimes mis-appreciated approaches; (ii) to clarify
the controversies and discuss the new analyses in view of the traditional theories and (iii) to
describe the traps to avoid in the understanding of salt-free colloidal systems and criticize
statements which violate subtle but fundamental notions of electrostatics. For such purpose,
I have to begin at the trivial but sometimes forgotten bulk Debye—Hiickel (DH) level. The
specialists could skip this introduction.

In the following, we will investigate cationic colloids (Z, > 0) of density p. and
monovalent counter-ions Z_ = —1 mixed with the monovalent +1/—1 salt of same counter-



R568 L Belloni

ion. Generalization to mixed valences is straightforward. If p; and p) represent the salt
concentration inside the solution and the salt reservoir, respectively, the ionic concentrations
in the three component system are imposed by the electroneutrality condition:

P— = Zcpe + ps
P+ = Ps
while p” = p, = p, in the reservoir. Ions can cross the semi-permeable membrane only

by neutral pairs. The salinity in the solution is identified with the co-ion concentration. It is
in general lower than the salinity imposed in the reservoir due to the Donnan, salt exclusion
effect. The equilibrium condition which sets the value of p, is the equality of the chemical
potential of salt in both compartments:

s = o+ o =y = py + 34
The net osmotic pressure IT of the solution (against the electrolyte reservoir) is the difference
between the pressures of the solution P and of the reservoir P’ (within the PM, P and P’
represent the pressures of the gas of charged particles; experimentally, there are themselves
osmotic pressures against pure water). The thermodynamic derivative (14) becomes

00,
Xosm = ( Pe > = SCL(O) (35)
o),

In the important salt-free case, p;, = p; = 0, the two-component system colloid + counter-ion
verifies the local electroneutrality conditions:

Z: _ _ _
7 X =5-O= VZ:.Se_(0) = Z,:S5.0(0). (36)

4.1. Debye—Hiickel theory

In principle, the DH approximation gives the exact asymptotic (infinite dilution) law. Although
its domain of validity for colloids is in practice restricted to unrealistically high dilutions, its
analysis is useful to illustrate some fundamental concepts.

Within the bare DH approximation, all charged species, ions as well as colloids, are
considered as pointlike ions (o; = 0) and the correlations are treated at a linearized mean-field

level. Inserting the MSA direct correlation functions, ¢;;(r) = —Z;Z;Lg/r, r > 0, in the
PM-0Z equation (12) yields for the total correlations
ZiZiLp
gij(r)=1-———"—"—e™ (37
where the total screening constant k( involves the contribution of the ions and the colloids:
Ko = /4T Lg[2ps + Ze(Ze + 1) pe]. (38)

The PM virial (9) and compressibility (10) routes give different expressions for the pressure
of the solution:

BP.=p=2p;+(Z.+ 1)p, (39
K'g

P,=p——. 40

Fhu=p 24w (40)

This thermodynamic inconsistency illustrates the approximate nature of the DH theory. While
the compressibility pressure (39) is reduced to the perfect gas law, the virial route (40) is richer
since it exhibits the first non-ideality correction in the equation of state. This behaviour is
common to all DH-like theories. Note that the extra term in (40) is negative and could induce,
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in principle, a van der Waals loop in isotherm P (p) curves and a liquid—gas phase transition
in the phase diagram [73]. In fact, this would happen in concentration—charge regimes where
the bare DH equation of state (40) breaks down. For symmetrical electrolytes (restricted PM),
more analytical terms could be added to give reasonable predictions [74] compared to exact
MC phase diagrams [75]. For colloidal systems, this direction is less powerful [28].

Corresponding expressions are obtained for the pressure P’ in the reservoir. Using the
compressibility route, the net osmotic pressure is given by

BT = pc(1 + Z) +2(ps — py)- (41)
The relation between the values of salinity in the two compartments is
os(os + Zepe) = )0;2- (42)

This means that the DH ionic chemical potentials u; are identified with their ideal expressions
kT In p; (again within the compressibility route). Note that the resulting expression (41) for
IT could be directly obtained from the osmotic derivative (35).

Two important limited cases can be investigated. In excess of salt or at low colloidal
concentration (namely, Z.p. < p.):

IO =~ IO/ f— @
s 0 2
2,02
BTl ~ p, + —<L¢ (43)
4p;

This means that when one colloid with its Z. counter-ions is inserted inside the solution, Z./2
pairs of salt ions leave the solution through the membrane. The net pressure is increased
by only one kT/V. On the other hand, for salt-free cases (Z.p. > p;), the salinity inside
the solution is negligibly small (o, < p;) and all counter-ions contribute to the perfect gas
pressure:

BTl = pc(1+ Z,). (44)
According to (37), the cc pair potential of mean force fw.. = —In(g..) & 1 — g.. takes the
screened coulombic, repulsive form
Z’L
Piwee(r) = =2 e (45)
r

On the other hand, the cc effective pair potential vﬁ'{f extracted from the OCM-OZ equation (26)
coupled with the MSA closure reads

: Z’L
pucll () = =2 e (46)
r
where the screening constant k now involves only the ionic contributions:
K= \/471LB[2,0S + Zpel. 47

The fundamental difference in nature between these two potentials is illustrated in (45) and (46).
The colloids contribute to the electrostatic screening (k7 = k> +k2 withk? = 4 L p.Z?) only
in the ion + colloid-averaged potential w.. and not in the ion-averaged potential vﬁ[f . In the
presence of salt, the two quantities coincide at zero colloidal concentration, the ionic strength
being dominated by the salt ions. This case follows the general behaviour described for neutral
systems. In the opposite (and more exciting), salt-free limit, ¥ contains only the counter-ion
contribution and, due to the electroneutrality condition, vﬁ{f becomes p.-dependent and is
(1 + Z.)"/? less screened than w,.. This behaviour remains valid even at high or infinite
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dilution of the colloids (in the mathematical sense that two potentials of different screening
differ even when both screening tend to zero). From this point of view, salt-free colloidal
solutions can never be considered as dilute. As p. decreases, the ionic screening decreases in
parallel (~(peZ.)'"?) and the colloids remain coupled at larger distances.

For salt-free systems, it is important to emphasize the mistake which consists in using
without caution the OCM limiting law g.. = exp(—pf el ) at zero density and thus identifying
W With vﬁ'ff. This would lead to the obviously wrong result y,s, = S..(0) = 1 — Z.. This
limiting law is valid in §eneral except for the present salt-free case. The correct reasoning
uses the limiting law = B v/ which remains valid in all circumstances and which
leads, through the OCM-OZ equation, to expression (37) for g.. and to the correct, perfect
gas law x,sm = 1/(1 + Z.). Ignoring these subtleties and confusing effective and mean-force
potentials could lead to severe misinterpretations [76].

It is interesting to verify that the OCM compressibility route is able to exhibit the perfect
gas pressure of the counter-ions despite the non-explicit treatment of their degrees of freedom.
This illustrates the electroneutrality condition hidden behind the DH expression for g... On
the other hand, as noted in the general analysis, the OCM virial route is not so valid. Indeed,
introducing the effective potential (46) in the OCM virial equation (2) gives for the leading
term (no salt, p. — 0) BI1 =~ p.(1 + Z./2)!

Before closing this section on the basic DH approach, we return to the electrostatic
depletion versus screening discussion in complex charged colloidal mixtures, already
mentioned in 3.2-3.3. The large colloids are now surrounded by ions (of screening constant
k) as well as small ‘solvent’ colloids or polymer impurities (k). Starting from the PM
describing all species with coulombic potentials or from the intermediate model describing
large and small colloids only with ion-averaged screened coulombic potentials, the effective
interaction between large colloids averaged over all remaining components reads within the
DH approximation

ZLg

Bl (r) = T exp[—(k? +k2)'?r]. (48)
At this DH level of description, the small colloids are considered as pointlike multivalent
ions, only contributing to the total ionic strength. When the density of this component is low,
the total screening factor may be expanded. Keeping the first order in p; only, the effective
potential becomes

y ZIL K}
Bu (r) e TB e (1 - §r> . (49)
The negative contribution in the right-hand side of (49) is nothing else than the leading term
(27) in the virial diagrammatic expansion applied to the intermediate model (with linearization
of the cs correlations). Use of (49) without caution would lead to the incorrect conclusion
that the depletion attraction of electrostatic origin due to the solvent colloids dominates at
large distances, in contradiction with the pure repulsion in the original expression (48). The
importance of higher order terms in the expansion (the so-called ring diagrams [1]) illustrates
again the long-range and multi-body character of the electrostatic screening. A true depletion
attraction in charged mixtures may exist only beyond the DH linearized treatment of the cs
correlations [49].

4.2. Improved DH-like theories

The main failure of the bare DH theory is the neglect of the colloidal size and the linearized
treatment of the cc correlations. As a direct consequence, g..(r) presents non-physical
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negative values at short distances. Introducing a finite value for o, = 2a and replacing
the cc MSA closure by a more adapted, nonlinearized, approach (HNC integral equation) does
not qualitatively change the final DH results. Numerous analyses successfully followed this
direction in the early 1980s and derived important, somewhat forgotten, conclusions. As a first
step, we leave the cc MSA treatment, still neglecting the colloidal size. The present derivation
is very similar in spirit to the pioneer study by Beresford-Smith er al [20]. The MSA-DH c;
and ¢;; (i, j = ions) are inserted in the PM—OZ equation (12) while no assumption is made
on g... Mapping the PM into the effective OCM (26) allows us to derive the same bare DH
ver! (46) as before (inclusion of cc bridge functions beyond the HNC closure would affect this
effective potential at short distances). In parallel, g.; and g;; can be expressed as convolution
products of g.. and vff{f . Introducing these functions in the PM virial equation (9) leads to the
pressure

—Kr

k(2 + 3k pek? [ Kry e
pr=p- O [T (1) S
Note that g.. could be replaced by 4. without modifying the integral in (50). The DH virial
equation of state (40) could be recovered by inserting (37) in (50). The equation of state
(50) contains three terms: the perfect gas pressure of all particles, a negative contribution
which is independent of the colloidal positions and an integral term which depends on the cc
correlations. In the absence of salt, (50) becomes

dr (50)

—Kr

KK3A+32Z)  pc? [ KT\ €
[M=BP = c 1 ZC — 2 i cc 1- _)
PIL=PP =p+Zo) 247 +24n/0 e ( 2) 7

Using without caution the OCM virial equation (2) with the effective potential (46) leads to
(no salt)

dr. (51)

—Kr

Z, Pek2 [ e
BP = p. (1 + —) + —= / hee(r)(1 + k1) dr. (52)
0

2 24r

The already mentioned factor % in the counter-ionic perfect gas pressure is inadequate. One

must keep in mind that the OCM virial equation (2) was established for a density-independent
pair potential v(r). Generalization to p-dependent v(r) consists in formally replacing v’ (r)r/3
by v'(r)r/3 — dv(r)/d In p in (2). For the present screened coulombic potential, the modified
OCM virial equation becomes (no salt)

r

—Kr

p pek? [ L _krye
B —pc+24ﬂ/0 gcc(r)( 2) .
Now, the perfect gas pressure of the counter-ions has completely disappeared. On the other
hand, the integrals in (53) and (51) coincide. The extra terms in the PM virial equation which
are not captured by the OCM virial approach illustrate the importance for the thermodynamics
of zero- and one-body terms in the full potential of mean force. For a discussion at the free
energy level, see [20]. A similar DH analysis has been recently proposed in [77].

If the finite colloidal size is taken into account, the previous approach remains analytical
and the DH-like conclusions remain valid (although the final expressions become much
heavier):

dr. (53)

@) vf{f keeps its screened coulombic, repulsive form (MSA or HNC closure for the cc
correlations) [26-29, 78]:

e—Kr

Buel(r)y = Z2 L X? r>2a. (54)
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Note again that the equality in (54) is restricted to the large separation regime when cc
bridge functions are introduced.
The factor X is a function of xa and of the cc correlations [29]:

eKﬂ

X = : _ . (55)
1 +ka+e*4(sinhka — ka coshka)p,. fo dr geo(r) e=*=20) [icr

When the last term in the denominator of (55) is discarded (which is valid at low volume
fraction), the resulting effective potential takes the famous DLVO form [64], originally
deduced from the linearized Poisson—Boltzmann approach (see 4.3) [26,27,78]:

Z2Ly e r02)

(1+«ka)? r

,Bvﬁff r)= r>2a. (56)
Due to the minimum contact distance a, the ions are rejected farther from the colloid centre,
their screening ability is weaker and the cc repulsion is stronger. At higher colloidal
density, the integral term in (55) is non-negligible and the p.-dependent pair potential
between two colloids is perturbed by the presence of colloidal neighbours [26-29]. This
illustrates how the effective pair potential takes many-body correlations into account.

(i1) Since vﬁ{f remains repulsive, this means that the osmotic compressibility x,s, derived
from the compressibility equation is finite (and low) and the corresponding equation of
state is monotonic without special features.

(iii) On the other hand, the PM virial equation of state exhibits a negative electrostatic
contribution similar to the —«3 term in (40) or in (50) [79], which may induce van
der Waals loops and a liquid—gas phase transition. The simultaneous presence at
the same thermodynamic state of a diverging virial compressibility and of a purely
repulsive effective potential again illustrates the approximate nature and thermodynamic
inconsistency of DH-like treatments (only comparisons with more refined theories or exact
simulation data could say which DH route is the most accurate one for a given state). In a
correct approach, compressibility and virial PM osmotic pressures must coincide; if a PM
spinodal line is approached as near a critical point, the divergence of y,, implies high
values of S..(g) at zero angle according to (35) and thus long-range positive correlations
in g..(r). Since by definition these functions are identical within the effective OCM and
the PM, the effective pair potential associated with the OCM must present attractive values
in this region of the phase diagram (note that nothing can be concluded a priori about the
sign of the effective interaction far from the spinodal line).

The next step in an improved theory involves a treatment of the colloid—ion correlations at
a nonlinearized level. Using the integral equation approach, this can be done by replacing the
MSA with the HNC closure [80]. A similar but not fully equivalent approximation is based
on the Poisson—-Boltzmann equation, which will be described first.

4.3. Poisson—Boltzmann theory

The objective of this approach is to calculate the local average ionic densities p; () and the local
average electrostatic potential ¥ (r) around the colloids fixed in the configuration (). The
inhomogeneous ionic fluid is in osmotic equilibrium with the salt reservoir and feels external
forces of excluded volume and electrostatic origin exerted by the macro-ions. The exact
Poisson equation relates i or the electric field E = —V1/ to the average charge density p.;:

Aey = ~diveE = —pa/eo = —e(Zepe + ) _ Zipi)/%0. (57)
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Dielectric discontinuities at the colloidal surfaces, |r — r.| = a, can be taken into account
in (57).

Within the Poisson-Boltzmann (PB) approximation, all ions are assumed to be pointlike
and the N, -body potential of mean force (semi-grand potential of the inhomogeneous fluid) is
expressed as [22, 64, 81, 82]:

Wy, (") =U =TS =)l

v=3 [ parwrar =3 [ ar

—TS:kTZ/,oi('r)(lnpi('r) — 1)dr

wili = WiV =kTn . [ piry . (58)

The integral in the electrostatic energy U is over the fluid volume as well as the interior of the
colloids. The integral in the entropy S is over the fluid volume only. The last equation identifies
the ionic chemical potentials in the solution with their values in the reservoir and guarantees the
osmotic equilibrium. The zero of potential ¥ is arbitrarily chosen in the reservoir. Expressions
(58) are valid for fixed colloidal charge (constant charge boundary condition) and must be
completed by extra terms [81] if instead the surface potential is fixed (constant potential) or
if the charging process of the surfaces results from chemical equilibrium between surface
sites and bulk ions (charge regulation [83]). The ionic profiles are given by the mean-field
Boltzmann approximation:

pi(r) = pjexp[—Ziey (r)/kT] = p;exp[—Z;ip(r)] r € fluid (59)

where ¢ = e/ kT = /25 mV.

This law can be elegantly recovered within the density functional theory (DFT) formalism
[84] by considering Wy, in (58) as a functional of the colloidal densities and by using the
equilibrium condition § Wy, /8p0; = O (functional derivative).

Insertion of these ionic profiles in the Poisson equation leads to the PB equation which,
for +1/—1 reservoir electrolyte, takes the well known form

A = «"*sinh ¢ r € fluid (60)

while the Laplace equation A¢ = 0 holds inside the particles. " = 8w Lpp;, represents the
screening constant inside the reservoir. Again, the PB equation (60) implicitly guarantees that
the salt chemical potential uy = 4 +p— = 2kT In p; is uniform everywhere in the ionic fluid
and in the reservoir. The constant charge boundary condition relates the external and internal
normal electric fields at the colloidal surfaces to the surface charge density ¥. = Z./(4ma?):

Vn‘pexr - Sint/gvnq)int =—4nLp e (61)

This condition automatically expresses the global electroneutrality of the solution.

The salinity p, inside the solution is obtained by averaging the co-ion profile. In
experiments performed without osmotic exchange, it is this quantity rather than p; which
is fixed and known. In that case, p] is formally considered as a parameter a posteriori adjusted
to give the correct ionic content in the solution. The salt-free limit is continuously reached
by simply investigating, in the scheme above, very low values of p, or k’. As p. — 0, ¢ is
shifted by the additive constant — In p;, the co-ion profile vanishes (sinh ¢ and cosh ¢ may
be replaced by exp(¢)/2) and the precise value of p; becomes irrelevant for the counter-ion
profile.
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In a linearized version, ¢ is supposed to take low values (the local densities are close to
p1), sinh ¢ is expanded to first order in ¢ and the PB equation is replaced by the linearized PB
or DH equation:

Ap =Kk’ r € fluid. (62)

This corresponds to expanding the functional S up to second order in the ionic profiles p; [84].
While the nonlinearized PB equation is adapted to all salinity, (62) is restricted to salt excess
(Zcpe < p;). Atlow added salinity or in the absence of salt, the expansion must be performed
to first order in ¢ — ¢ rather than ¢ where ¢ is the potential somewhere to be chosen inside the
solution. The resulting linear equation contains ¢o-dependent screening and constant terms
and loses its general character.

The implicit approximations assumed by the PB theory are of mean-field nature. The
average of the product of the instantaneous charge density and electrostatic potential has been
replaced in U by the product of the averages of these quantities, p.;¥ (this would correspond
to replacing the two-particle density o, (7, ') by the product p, (7)o, (r') in the general virial
equation (18), neglecting the inhomogeneous /g, (v, ') function [20]). The entropy S of the
ionic fluid has been replaced by its ideal expression. Equivalently, the local ionic profiles
pi (r) which are expressed in an exact theory as N-body statistical averages of the microscopic
Boltzmann factor exp(—pBUy) are replaced here by the exponential of the mean interaction,
exp(—pBZ;eyr). In other words, the ionic fluctuations or ion—ion correlations are neglected in
the PB mean-field theory.

The main task is to solve the PB equation (60) with the boundary condition (61) (or an
equivalent one). For a general colloid configuration, this requires a formidable numerical
calculation [22], even in the linearized version. The PB equation is a second-order differential
equation with partial derivatives. The fluid boundary at the colloidal surfaces where the
condition (61) applies is a complex surface in the three-dimensional solution. ‘Reflections’
of the electrostatic potential coming from one colloid onto the hard-sphere neighbours or
‘overlaps’ of the ionic layers around all colloids induce in general a complex, N.-body map of
¢, which cannot be decomposed as a sum of one-body contributions. Nowhere in the solution
are ¢ and its gradient simultaneously known a priori Thus, a numerical calculation starts
with a guess for ¢(r) and follows iterative procedures using Newton—Raphson techniques and
up-to-date numerical analysis to speed up the convergence [85].

Once the local potential ¢(r) and ionic densities p;(r) are obtained, many important
quantities relative to the colloids and to the thermodynamics can be deduced. The force acting
on colloid c is [81]

F.=-V.Wy = / TdS. (63)

c
By convention, the vector dS points towards the ionic fluid. The tensor T contains an
electrostatic part T,; and a kinetic or thermal part T,;:

T=Ty+T =coe(EE — LE?I) — kT pjonl. (64)

T,; is the Maxwell tensor, which gives the electric force exerted on a charged surface (excluding
the self electric field due to the surface itself). T, represents the perfect gas osmotic pressure
due to all ions of local total density p;,,. Since the tensor T is divergence free (divT = 0), the
surface integral in (63) can be performed on the surface of colloid ¢ as well as on any larger
closed surface surrounding the previous one and excluding colloidal neighbours. Physically,
this expresses the fact that each elementary ionic volume is at equilibrium, the electric force
being exactly balanced by the ion osmotic pressure gradient (thermal force). This freedom in
the choice of integration surface can be advantageously used to minimize numerical errors in
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the force calculation. Indeed, the electric and thermal parts are high and opposite in sign near
the macro-ions and must be determined very accurately in order to extract the small difference
with areasonable precision. Itis thus preferable to choose a closed surface located farther from
the macro-ion, at mid-distance with the first neighbours, where the full tensor is dominated
by the thermal part. Additionally, this optimal choice allows us to deduce in some simple
geometry the sign of the force before any numerical calculation (see below).

Following the same route, the pressure P = —3§Wy,_/8V can be obtained by investigating
a small increase §V of the volume V. In that case, the frontier of the solution (cell edge)
as well as the position of the N, colloids are homothetically rescaled by the relative value
8,/r = 6V /3V. The resulting increase in Wy, gives [81]

1 1
P =pkT +— F.) — — ionkT dS') . 65
P 3V<0201:T >C 3V</ce11Tp >C ©

The same expression can be elegantly recovered from the PM virial equation (18) by noting
that the electric force Z;e E applied on ion i is equal to the osmotic force kT'V In p; within the
PB approximation. The equation of state contains three terms, the perfect gas pressure of the
colloids, the colloid—colloid correlation term and the ionic contribution, which depends on the
local ionic density at the cell edge. If this density is uniform, the ions contribute as pc.kT to
P [86,87]. Note again that the OCM virial equation (19) would miss this last contribution.
Lastly, the osmotic pressure IT is obtained by subtracting the reservoir pressure P’ = 2pkT
from P.

We now apply these general PB expressions to specific configurations, starting from the
simplest case of one isolated colloid immersed in an electrolyte (N. = 1, p, # 0). On the
analogy of the linearized, DH solution, the long distance behaviour of the PB solution (60) is
written as [88] (r is measured from the centre of the colloid):

ZiffLB efk(rfa)

r - (66)
kr-ay»1 (1 +Kka) r

@(r)
The powerful concept of effective charge Z47 or charge renormalization is very general [89]
and illustrates the strong accumulation or ionic condensation of counter-ions in the vicinity
of colloid surfaces. Because of this short-range, non-linear effect, the colloid can be regarded
far from its surface as if, at the linearized, DH level, it carried a weaker, partially neutralized
charge, Zf:f < Z., which depends on Z, and xa. Within the PB approximation, Zﬁf !
saturates to a constant value as the colloid becomes highly charged. In that regime, an increase
of Z, is counterbalanced by an equal increase in the condensed charge and the long-range
potential becomes independent of the details on the colloidal surface. More details on the
ionic condensation around spheres could be found in a recent review [90].

For two interacting colloids separated by the centre-to-centre distance D in an electrolyte
[91], the PB force is a priori always repulsive. Indeed, integrating the stress tensor on the closed
surface constituted by the mid-plane between the colloids, where E dS = 0 by symmetry, and
a hemisphere of infinite radius, where E = 0 and p;,, = 2p;, leads to the expression

Eo€ 2 ;
F, = (Z2E2+ (pion — 20T ) dS (67)
mid-plane 2 ;

which is obviously positive.

The configuration of two colloids has been extensively studied since the DLVO pioneer
works. For large colloids near contact (k'a > 1, D — 2a < a), it is sufficient to study the
simpler, one-dimensional geometry of two parallel charged plates (of same charge density than
the colloids) and use the Derjaguin approximation to deduce the colloid—colloid force. For
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a general configuration, the PB equation requires a more complex resolution. The potential
¢(r, 8) depends on the distance r to one colloid and on the angle 6 between r and the axis
joining the colloids. In the linearized DH version, ¢ can be analytically expressed as an
infinite expansion in Bessel functions in r and Legendre polynomials in cos 6 [64, 92]. In the
nonlinearized PB case, bispherical coordinates are adapted to the numerical resolution [93].
Note that the complete and systematic numerical PB solution was obtained only in the early
1990s (and for moderate surface charge), 40 years after the first studies. This illustrates the
difficulty of the numerical problem, even for this fundamental and apparently simple geometry.

An analytical expression for the force or the effective, mean-force pair potential can be
derived in the asymptotic regime of large separations, « (D — 2a) > 1. The weak overlap
or linear superposition approximation applies and the potential far from the two particles,
in particular at the mid-plane, is the sum of the contributions due to each colloid, taken as
isolated. Inserting the long-range expression (66) for each contribution in (67) gives for the
pair interaction

ZﬁfszB e—K(r—Za)

Buel(r) = k(2 —2a) > 1. (68)

(1+«a)? r
In the linearized case, Z¢'/ is replaced by the bare value Z, and the famous DLVO potential
(56), already mentioned, is recovered. One must keep in mind that this expression is in principle
valid only at large separations. At shorter distances, the weak-overlap approximation and the
identification (66) break down, and departures from the asymptotic screened coulombic force
are observed, even in the linearized version [92].

The DLVO potential (56), (68) has been the starting point of thousands of studies and
has allowed a qualitative as well as quantitative understanding of the following phenomena:
(i) the stability of charged dispersions against irreversible aggregation [64]; (ii) the short-range
liquid order observed in scattering [2—6]; (iii) the fluid—crystal transition which appears at low
ionic strength [94]; (iv) the direct pair force measurements [9-16]; (v) the PM simulation data
[67]; . ... The effective charge is usually considered as an adjustable parameter or is chosen
according to a priori theoretical predictions [88-90].

The PB resolution becomes very difficult in more complex geometries involving numerous
colloids (see the beautiful example in [22]). As far as the ionic profiles around macro-ions
in concentrated solutions are concerned, a simple alternative is to use the cell geometry. The
solution is divided into N, spherical, overall neutral cells, each containing one centred colloid.
The cell radius R is related to the colloidal concentration, p.47/3R3 = 1. The spherically
symmetric PB equation is easily solved from r = a to r = R (where E = (). The counter-ion
profiles are used to deduce effective charge values as a function of colloidal density, even in
the absence of salt [90]. According to (65), the PB osmotic pressure is given by the edge ionic
density [86], IT = (p;on (R) — 2p;)kT, and successfully reproduces experimental equations of
state [5]. Of course, this simple cell geometry is not adapted to derive colloidal forces since
F. = 0 by symmetry. Investigating eccentric positions of the macro-ion in the cell or the
presence of two colloids in the same cell seems to be a good direction to follow to get further
insights into the colloidal interactions at finite density [95].

Another geometry consists of two colloids confined near a planar wall or between two
parallel walls or inside a cylindrical pore. The two particles are at the same distance from
the wall. An elegant analytical proof has recently generalized the bulk result [96]: the force
felt by each colloid, projected along the wall, is always repulsive, whatever the charge state,
boundary condition and dielectric property of the walls and the colloids. This a posteriori
invalidates numerical PB data which predicted attraction between particles [97] and indicates
that experimental evidences of such attraction [15, 16, 98] must be interpreted with different
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approaches.

In the last few years, the PB approach has been revisited in terms of the density functional
theory [82, 84, 99]. Instead of solving directly the PB equation, this new formulation focuses
on the strictly equivalent free-energy functional (58). Making the same kind of approximations
as in older PB or integral equation analyses (linearization, weak overlap approximations), it
becomes possible to recover in an elegant way the DLVO pair potential between particles as well
as the negative, DH-like, one-body term in the equation of state or free energy [100]. Attempts
have been made to go beyond this level of approximation and to introduce partial nonlinear
and multi-body corrections. The resulting expressions for the colloidal forces remain tractable
but must be used with caution since their domain of validity is not always well controlled. As
an illuminating example of its limitation, such analysis has recently predicted an attraction
between confined particles [101], in violation of the exact PB behaviour [96]. It is clear
that such analytical treatments are adapted to give the asymptotic, long-range forces between
charged objects but cannot replace the full numerical resolution of the PB equation at shorter
separations.

Before closing this section, we recall the formal analogies and differences between the
approach based on the bulk OZ equation with MSA-HNC closures and the approach based on
the PB equation. To identify both theories, one must first neglect the ionic size and use the
MSA for the ion—ion correlations in the OZ approach. Then, in the case of one isolated colloid
immersed in an electrolyte (o, = 0), the PB (DH) ionic profiles, p; (r), are rigorously identical
to those obtained with the HNC (MSA) colloid—ion closure, p;g.; (). In the presence of many
colloids, this equivalence remains valid if the ensemble of particles is formally considered
as constituting one single object of complex geometry immersed at infinite dilution in the
supporting electrolyte. In that case, the colloid—ion functions lose the spherical symmetry
and the integral equation requires a non-trivial numerical treatment which could serve as an
alternative to the standard PB resolution [102]. On the other hand, the conventional OZ
approach described in 4.2, although formally exact, is more sensitive to the neglect of the
bridge functions. For example, at infinite dilution in colloids, the potential of mean force is
given by

I3WCC = - ln(gcc) = ,Bvcc - Z pihci Q Cic — bcc (69)

ion

where the functions %.; and c.; represent the correlations of the ions with one isolated particle.
So far, no approximation is made. Neglecting the bridge function b.. implies that the force
between two colloids is related to the one-body ionic profiles. This is clearly equivalent to a
weak-overlap approximation, valid only at large separations. In that asymptotic regime, PB
(DH) and HNC (MSA) forces coincide. At shorter distances, the conventional HNC-MSA
theory misses the non-additive overlap corrections implicitly contained in b... This explains
in particular why the screened coulombic DLVO potential (56) is valid at all separations, up
to contact, using the OZ-MSA route and at large separations only using the PB-DH route.

From the thermodynamics point of view, the analogy between both approaches subsists.
Taking the linearized version of the PB equation (62), neglecting for simplicity the colloidal
size and inserting the linear superposition of one-body electrostatic potentials (66) in the virial
expression (65) makes it possible to recover almost completely the osmotic pressure (50). The
single difference is the disappearance of the —k® /247 term which obviously results from the
neglect of the ion—ion correlation function A (r, r") [20] (zero-body term in the potential of
mean force (15)).



R578 L Belloni

4.4. Beyond DLVO—effective attraction between colloids

The existence of an effective attraction of pure electrostatic origin between like-charged
particles via their counter-ions is a fascinating phenomenon which was predicted by Oosawa
in the 1960s [103] and intensively studied in various geometry since the early 1980s. Many
controversies in the literature have accompanied its description. As said in the introduction,
the reason is certainly the intrinsic complexity of highly charged, asymmetrical mixtures and
the difficulty of controlling the validity of approximations more or less implicitly assumed
in theories in the absence of exact simulation data. It is clear that such attraction could be
predicted only beyond the mean-field PB-DH-MSA-DLVO picture by including in some way
ion—ion correlation effects. The studies which seem to invalidate this assertion by exhibiting
attraction within a mean-field treatment are not satisfying. Without being exhaustive, the
Sogami—Ise attraction derived within the DH approximation [104] (the form of this attraction is
similar to (49)) has been proven to be due to an incorrect thermodynamical treatment [20, 105].
Equivalently, the claim for a non-DLVO attraction from the PM-MSA solution results from
a confusion between mean-force and effective potentials [76]. In confined geometry, we
recall that the general PB proof of pure repulsion between two colloids [96] a posteriori
and definitely invalidates the attraction PB predictions, which may be due to insufficiently
precise numerical resolutions [97] or to approximations used outside their domain of validity
in analytical resolutions [101].

The situation is perfectly clear in the simple planar geometry of two identical, parallel,
homogeneously charged plates separated by a continuous solvent containing the counter-ions
and salt ions. As early as 1984, both Monte Carlo simulations [106] and inhomogeneous
HNC calculations [107] within the PM have proven without ambiguity the existence of
attraction between the plates (negative pressure) at high electrostatic coupling, e.g. at high
surface charge density, ionic valence or Bjerrum length. The attraction appears when the
two condensation shells strongly overlap at short separation resulting in non-obvious ion—ion
correlations [108] and non-monotonic ionic profiles [109]. Although it exists in principle for
all valences, it takes place in practice, for realistic charged plates in water, only in the presence
of divalent or more highly charged counter-ions. Since the pioneer works, the phenomenon
of attraction has been reproduced and analysed by numerous studies using different non-
mean-field theories like the partially inhomogeneous three-point extension integral equation
[110], the DFT with correlation contributions in the WDA version [111], the conventional
homogeneous HNC integral equation with addition of the first bridge diagram [112], the MC
simulation on a hypersphere [113],.... The attraction may be enhanced by the adsorption
of additional chemical counter-ion adsorption and/or by surface charge heterogeneity (‘long-
range hydrophobic’ attraction) [114]. In that last picture, the plates are considered as two-
dimensional electrolytes or ionic crystals which spontaneously adjust complementary to each
other. From the experimental point of view, attractive forces between charged plates immersed
in aqueous calcium solutions have been directly measured with SFA and AFM techniques [115]
and monitor the behaviour of clay suspensions and cements.

For bulk systems of spherical colloids, the situation is not so clear. Theoretical evidences
of effective attraction have been first obtained following the integral equation approach. Using
the bulk HNC closure for all pair correlations, Patey considered the case of two colloids
immersed in an electrolyte and found attractive values in w.. = vﬁ{f [116]. The same full
HNC equation reveals at finite colloidal density and high electrostatic coupling an instability
of the PM with respect to liquid—gas transition [80, 117]. As the colloidal or ionic charge
is increased, the osmotic compressibility and S..(0) take higher and higher values and seem
to diverge (for the precise nature of the boundary line, see [118]). At the same time, the
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Figure 5. Effective vﬁff (r) (solid line) and mean force w,.(r) (dotted line) pair potentials between
colloids in salt-free, colloid + counter-ion primitive model. 7 = 298 K, ¢ = 78, o; = 100 nm/0,
Z; = +300/—1, &, = 5%. Note the asinh scale on the vertical axis. Inset: corresponding pair
distribution function g..(r). HNC integral equations in the PM and effective OCM.

free energy or virial routes do not present such instability, revealing a HNC thermodynamic
inconsistency, the inverse of the DH-MSA one [80]. The location of the two-phase region and
of the critical point in the density—temperature phase diagram depends on the charge asymmetry
and on the colloid—counter-ion contact distance o,; [117]. Addition of salt tends to stabilize
the system and shifts the critical point towards lower temperature [28]. As expected from
the general analysis in sections 2.4 and 4.2, the state-dependent, OCM, effective potential
v shifts from pure repulsion to partial attraction as the two-phase region is approached
[28]. An example is given in figure 5 for a typical salt-free colloidal system o; = 0/100 nm,
Z; = +300/—1. The attraction is enhanced in the presence of ionic adsorption onto the colloids
(charge regulation) [119]. To what extent could this behaviour be due to a failure of the HNC
equation? Numerous tests indicate that the phase transition is an intrinsic property of the PM
itself and that the quantitative HNC weakness is to overestimate the attraction and to predict
the transition too soon, at too low coupling. The planar geometry limit as well as the restricted
PM version (RPM) of symmetrical electrolytes [75, 118] constitute two extreme cases which
illustrate this general trend. In between, Patey’s attraction disappears for monovalent ions
but subsists for divalent ions when including the first bridge diagram [112]. The bulk two-
phase region is shifted towards higher charges [120] when the HNC closure is replaced by the
thermodynamically consistent ZH closure [121].

Simulation data are obviously necessary to quantify the strength of the attraction and to
determine the precise location of the critical point in the phase diagram. Since the early 1980s,
the few MC and MD simulations performed in the micellar regime (6, = 2-3 nm, Z, = 10—
20) with monovalent counter-ions [65—67] show a short-range liquid order among the colloids
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Figure 6. Colloid—colloid pair distribution function g..(r) in salt-free, colloid + counter-ion
primitive model. 7 = 298 K, ¢ = 78.4, 0; = 3 nm/0.4 nm, Z; = +20/—1 or -2, p. = 0.02 M
(P, = 17%). MC data [69] (symbols), HNC (dotted lines) and BHP (solid lines) integral equation.

Inset: corresponding effective colloid—colloid pair potentials vg'[.ﬁf (r) extracted using the same
HNC and BHP integral equations in the effective OCM.

which is consistent with a purely repulsive effective potential, although no ¥ hasbeen directly
extracted from the simulated g.. in practice. HNC [65-67] and advanced closures [122] have
been tested against these exact data (anecdotally, the first MC case published in the literature
[65] was located inside the HNC two-phase region). More recent MC works have shown how
this DLVO-like picture breaks down in the presence of divalent counter-ions [69]. Figure 6
presents MC g..(r) for +20/—1 and +20/—2 systems at the same colloid volume fraction
(5%) [69]. In the former case, the data present a classical order peak located near the mean
separation distance between macro-ions, while in the latter case the peak is shifted near contact
and seems to reveal a short-range effective attraction. The same behaviour is predicted by the
HNC integral equation. A good quantitative fit of the MC data is obtained for both valences
using the powerful BHP integral equation [123], as shown in figure 6 [124]. This accurate
closure evaluates advanced bridge functions from approximated three-body direct correlation
functions. In order to get a definite and quantitative answer about the existence of effective
attraction, it is necessary to extract the OCM potential vi{f from the cc correlations. This is
hardly possible from the simulation data due to the statistical noise and to the limited r range,
which prevent precise Fourier transformations but can be done easily from the theory curves.
The effective potentials vl are plotted in figure 6. Considering the very good agreement
between MC and theory in g..(r), these potential curves should be close to the exact one.
As expected, vﬁ{f remains repulsive at all distances for monovalent ions and presents a clear
negative minimum at intermediate distances in the presence of divalent counter-ions. This
confirms the pioneer HNC predictions and demonstrates without ambiguity that, on average,
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the spherical macro-ions attract each other through the counter-ions in highly charged bulk
solutions. The existence of a phase separation which could result from such attractions has
received partial confirmation in very recent powerful simulations [71]. Trivalent ions induce
the formation of large clusters containing many macro-ions inside the simulation box. The
observed heterogeneity is consistent with a condensation phenomenon or a liquid—gas phase
separation, analogous to that observed within the RPM. The complete structure of the PM
phase diagram and, in particular, the competition of condensation with crystallization, again
of pure electrostatic origin, remains to be elucidated.

An alternative to the difficult, time-consuming simulations in bulk is offered by the cell
approach where only one or two spherical macro-ions are considered in a box. In the original
case of one colloid located at the centre of the Wigner—Seitz spherical cell, MC data show a
non-PB behaviour at high coupling [87]. As the colloidal charge Z, is increased in the absence
of salt, the counter-ion concentration at the cell edge (and thus the osmotic pressure or the
effective charge) first increases, goes through a maximum and then decreases (MC or DFT-
WDA) [125], in contradiction with the saturation effect predicted by the PB approximation
[89]. This kind of instability indirectly announces the existence of attraction between highly
charged particles. Recent simulations have investigated the situation of two colloids inside the
same cell and derived pair potentials/forces as a function of the separation D [126—-128]. As
usual in such geometry, the role of the cell boundary must be controlled with caution in order
to avoid undesirable effects. In presence of added salt, it is sufficient in principle to investigate
large enough cells, R > 1. D.In practice, for obvious reasons of computer limitations, ' R
is not very large and comparisons with simulations performed with periodic image condition
are necessary to interpret the data with confidence [128]. In any case, such simulations solve
exactly (at last!) the original DLVO problem of two isolated spherical colloids immersed in an
infinite electrolyte. The force remains repulsive for monovalent ions and becomes attractive
for divalent counter-ions [128]. On the other hand, interpretation of the MC results in salt-
free situations (k' = 0) [126, 127] is less obvious. The short-range attraction observed at
high coulombic coupling (divalent ions in solvent of low dielectric constant) [127] seems to
be more related to the potential of mean force w,. rather than to the effective potential vﬁff.
Indeed, the measured force is partly due to colloidal neighbours which are hidden outside the
cell boundary. As said before, the colloidal density through the cell dimension is never an
irrelevant factor in salt-free systems. Even if the entropy of ions associated with the very large
cell volume wins over the colloid—ion attraction only at high dilution (logarithmic dependence
of S on p.) [89], correct sampling of the very few MC configurations with ions located near the
cell edge should be monitored during the simulation. Anyway, the present cell approach with a
fine control of boundary effects seems to be a promising simulation tool to derive information
on ion-mediated colloidal interactions, cheaper and complementary to the PM bulk approach.

Experimental evidence of ion-mediated effective attraction between spherical colloids is
still an open and controversial issue. While the DLVO picture including a pure, screened
coulombic repulsion between colloids has successfully explained most of the observed
behaviours for half a century, some particular phenomena have resisted such interpretation.
Electrostatic colloid crystals obtained at low concentration in highly deionized conditions
(monovalent counter-ions) have been studied by Ise er al by direct visualization using confocal
laser scanning microscopy and by ultrasmall-angle x-ray scattering [51]. Both techniques
reveal the presence of apparently empty regions or voids inside the crystal. This has been
claimed to be evidence for a long-range attraction [104]. A more recent DFT analysis imputes
the local demixion to the presence of the —«> constant term in the DH-like virial equation of
state (51) [100]. This experimental observation has not been reproduced by similar studies
of highly deionized latex systems [5] and contradicts the direct force measurements between
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isolated particles [14]. As said in section 3.2, a possible explanation of the disagreement
could be the undesirable presence of charged polymer impurities released by the latex surfaces
in some solutions which would induce a depletion attraction of electrostatic origin between
colloids. In that mechanism, the voids would be full of undetectable polymers. In the same
way, the macroscopic liquid—gas-like phase separation experimentally observed at low ionic
strength [129] has been reanalysed in terms of ionic impurities [130].

These particular and controversial cases apart, there is no clear experimental confirmation
of the PM effective attraction between spherical macro-ions. This should be opposed to the
situation observed in other geometry as for parallel plates [115], parallel cylinders [131] or
in flexible polyelectrolytes [132] where attraction has been more or less directly measured in
various systems. The fact that the calculated and observed attraction is always coupled with the
presence of multivalent counter-ions is the key point which should incite the experimentalists
to replace the usual monovalent ions by divalent or trivalent ones in spherical colloidal systems.
Chemical destabilization seems to be the limiting factor in practice.

5. Van der Waals and miscellaneous interactions

So far the interior of the colloids has been considered as an inert, structureless material.
In reality, colloids are made of polar and polarizable molecules. Atoms themselves carry
instantaneous, fluctuating electronic dipoles. Interactions between all permanent and induced
dipoles belonging to the different colloids, averaged over the degrees of freedom of the polar
solvent, define the so-called van der Waals (VW) or dispersion forces [133, 134]. This universal
interaction due to correlations in polarization fluctuations is essentially attractive and tends to
destabilize colloidal suspensions towards irreversible coagulation. Its theoretical description
can be viewed as the ultimate task in the field of colloidal interactions due to its complexity
(the present VW section has been paradoxically rejected to the end of the review for this
reason). Indeed, a complete theory must involve electrodynamics, quantum mechanics and
statistical mechanics and faces the fundamental problem of non-pair-wise additivity of the total
interactions between all atoms/molecules/particles intrinsically associated with the presence
of polarizability. The case of an isolated pair of atoms was solved by London in 1930. Then,
summing all »~ atom-atom pair interactions, Hamaker deduced simple forms for the pair
potential between colloidal bodies, which are widely used in the literature [9]. The Hamaker
constant, which characterizes the strength of the interaction, depends on the frequency-
dependent polarizability «; (w) of the colloid and solvent materials. In order to go beyond this
pair-wise additivity approximation, valid in principle at low o, — &, only, one must account for
the multiple ‘reflexions’ of the electromagnetic waves between the different local, oscillating
dipoles. In the microscopic description, this would require us to consider colloids as collections
of fixed polarizable elementary volumes and solvent molecules as moving dipolar, polarizable
particles and to statistically average the multi-body interactions over the dipole fluctuations
and solvent spatial configurations. This is a formidable task even within classical mechanics
and electrostatics. An alternative, macroscopic approach, proposed by Lifshitz in 1956, views
colloids and solvent as continuous dielectric media, characterized by their dielectric response
function ¢; (w) [133, 134]. Solving the Maxwell equations for the electromagnetic fields and
using quantum field theory makes it possible to derive the interaction between two dielectric
bodies immersed in a third medium (note the parallelism with the scattering problem which
involves the same concepts: in the microscopic Rayleigh—Gans theory, the intensity scattered
by a colloid is decomposed as a sum of contributions due to all its atoms, taken as isolated; the
macroscopic Mie theory accounts for multiple scattering inside the same colloid by solving the
Maxwell equations in continuous media). In practice, this can be done in simple cases only,
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essentially in the planar geometry. The Hamaker constant in the formal Hamaker expression
is a complex function of the ¢;(w) and can be calculated in principle from the experimental
absorption or dispersion spectra on the whole frequency domain [133].

From this introduction, it is clear that the classical DLVO decomposition of the total
colloidal interaction in sum of bare VW and extra (screened coulombic, hydration...)
independent contributions, though useful, may appear somewhat artificial and inconsistent.
All interactions are of long-range coulombic nature and thus must be coupled, revealing
miscellaneous interactions. (i) The hydration and hydrophobic forces (section 3) due to the
discrete solvent structure and to specific colloid—solvent affinity can be considered as a part of
the VW force at short separation. The solvent layer near the colloidal surface may be affected by
surface—solvent dipole—dipole VW coupling. Inversely, solvent depletion or adsorption should
alter the local dielectric constant in the London-Lifshitz theory. (ii) In the presence of uniform
or heterogeneous charges on the colloids and ions in the solvent, VW dipole fluctuations and
PM charge correlations become coupled. Thus, dispersion interactions and electrostatic images
due to dielectric discontinuities must be treated self-consistently. Ninham and Parsegian
generalized the Lifshitz theory by including charge fluctuations in the electrolyte at the DH
level [135]. The main result is that the static, ‘zero-frequency’ dispersion attraction becomes
screened as exp(—2«r). Advanced studies have been performed essentially in the planar
geometry [114, 136] with a few exceptions for spheres [119, 137]. (iii) Lastly, the ion binding
or physisorption to the colloidal surfaces, which drives a colloid—colloid enhanced attraction as
seen before, may be induced by dispersion interactions acting on ions themselves. This could
explain in a rational way [138] ion specific, non-generic effects like the lyotropic or Hofmeister
series for coagulation/crystallization efficiency, the salting in/salting out phenomenon and the
long-range hydrophobic attraction [139], experimentally observed for decades in protein or
polyelectrolyte systems and not yet fully understood. The self-consistent description of all
these miscellaneous interactions in bulk solutions of spherical colloids forms a challenge for
theoreticians in the near future.
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